We describe the phases of a solvable t-J model of electrons with infinite-range, and random, hopping and exchange interactions, similar to those in the Sachdev-Ye-Kitaev models. The electron fractionalizes, as in an 'orthogonal metal', into a fermion f which carries both the electron spin and charge, and a boson φ. Both f and φ carry emergent Z 2 gauge charges. The model has a phase in which the φ bosons are gapped, and the f fermions are gapless and critical, and so the electron spectral function is gapped. This phase can be considered as a toy model for the underdoped cuprates. The model also has an extended, critical, 'quasi-Higgs' phase where both φ and f are gapless, and the electron operator ∼ f φ has a Fermi liquid-like 1/τ propagator in imaginary time, τ . So while the electron spectral function has a Fermi liquid form, other properties are controlled by Z 2 fractionalization and the anomalous exponents of the f and φ excitations. This 'quasi-Higgs' phase is proposed as a toy model of the overdoped cuprates. We also describe the critical state separating these two phases.
I. INTRODUCTION
One of the main outstanding puzzles in the study of the cuprate superconductors is the nature of the transformation in the electronic state near optimal doping. There are numerous experimental indications that the underlying electronic state changes from a Mott-like state with a small density of carriers at low doping, to a Fermi liquid-like state with a large density of carriers at high doping. The most recent indication of this transformation is in the doping dependence of Hall coefficient [1] . It is also becoming clear that this phenomenology cannot be described solely in terms of a conventional symmetry-breaking phase transition in the Landau framework: despite much experimental effort, no suitable order parameter with sufficient strength has been found near optimal doping. Furthermore such order parameters are also sensitive to quenched disorder, while the cuprate transition appears quite robust to varying degrees of disorder e.g. the transformation in the electronic state is seen in STM experiments in both the '2212' and '2201' series of compounds [2, 3] .
The most promising route therefore appears to lie in investigating non-Landau transitions which have a 'topological' character. Moreover, we need to understand such transitions in the presence of finite density fermionic matter, and also with quenched randomness. There are no known theories of quantum phase transitions under such conditions. Solvable examples in simple limits would clearly be valuable.
In this paper we propose a solvable t-J model of electrons which exhibits a phase transition under such conditions. Both phases of our model are deconfined, possessing gapless fermionic excitations, f , which carry Z 2 gauge charges. Our model also possesses a bosonic "Higgs" field φ, carrying Z 2 gauge charges, and the electron is a composite of f and φ. The Higgs field is gapped in one of the phases, and so is the electron: this phase can be considered as a toy model for the underdoped cuprates. The other phase has power-law correlations of the Higgs field: so it is not quite a Higgs/confining phase of the Z 2 gauge theory, but a novel 'quasi-Higgs' phase with slowly decaying correlations of the Higgs field. The electron operator in this quasi-Higgs phase has a leading 1/τ decay in imaginary time, as in a Fermi liquid. We propose this phase as a toy model for the overdoped cuprates.
Our model is a 0+1 dimensional quantum theory, in the class of the Sachdev-Ye-Kitaev (SYK) models [4, 5] . Although these models do not have any spatial structure, they exhibit a 'local criticality' which is interesting for a number of physical questions:
• The SYK models are the simplest solvable models without quasiparticle excitations. So they can be used as fully quantum building blocks for theories of strange metals [6] [7] [8] [9] [10] [11] [12] .
• The SYK models exhibit many-body chaos [5, 13] , and saturate the lower bound on the Lyapunov time of large-N model to reach chaos [14] . So they are "the most chaotic" quantum many-body systems. The presence of maximal chaos is linked to the absence of quasiparticle excitations, and the proposed [15] lower bound of order /(k B T ) on a 'dephasing time'.
• Related to their chaos, the SYK models exhibit [16] eigenstate thermalization (ETH) [17, 18] , and yet many aspects are exactly solvable.
• The SYK models are dual to gravitational theories in 1 + 1 dimensions which have a black hole horizon. The connection between the SYK models and black holes with a near-horizon AdS 2 geometry was proposed in Refs. [19, 20] , and made much sharper in Refs. [5, 21, 22] .
It has been used to examine aspects of the black hole information problem [23] .
We model the underdoped state of the cuprate superconductors as a deconfined phase of a Z 2 gauge theory [24] . The case which we have found to be most amenable to a SYK-like description is to represent the deconfined phase as an 'orthogonal metal' [25, 26] . In this description, the electron operator c iα (i is a site index, and α is a spin label) fractionalizes into an 'orthogonal fermion', f iα , which carries both the spin and charge of the electron, and an Ising variable σ z i : As in Ref. [30, 31] , we expect that this promotion from Ising to large M rotors does not modify the universal critical properties. To obtain a suitable large M limit, we also promote the spin index α = 1 . . . M to a SU(M ) spin index (as in Ref. [4] ). For this purpose, we introduce an orbital index, p, and fractionalize the electron as
under the Z 2 gauge transformation. Then we obtain the final Lagrangian of the t-J model to be solved in this paper:
where the site indices i, j = 1 . . . N . With t ij and J ij independent random numbers with zero mean, we will show that this Lagrangian is solvable in the limit of large number of sites, N , followed by the limit of large M and M at fixed
For our future diagrammatic analysis, we represent the interaction vertices in L in Fig. 1 .
II. LARGE N LIMIT
To take the large N limit, we average over t ij and J ij , with |t ij | 2 = t 2 /2 and J 2 ij = J 2 . As usual, everything reduces to a single site problem, with the fields carrying replica indices. However, for simplicity, we drop the replica indices. Then the single-site Lagrangian is
where T is the temperature and λ is the Lagrange multiplier imposing Eq. (1.4). More precisely, as in Ref. [4] , decoupling the large N path integral introduces fields analogous to R and Q which are off-diagonal in the SU(M ) and O(M ) indices. We have assumed above that the large N limit is dominated by the saddle point in which these fields are SU(M ) and O(M ) diagonal. This requires that the large N limit is taken before the large M and M limits. This procedure supplements the Lagrangian with the self-consistency conditions
It is convenient to rescale φ p → √ gφ p so that the Lagrangian becomes
where t = tg.
Next we take the large M and M limit at fixed k = M/M . Note that the large N limit has already been taken. By this sequence of limits we obtain for the fermion Green's function, G, and the φ correlator χ G(iω n ) = 1 iω n + µ − Σ(iω n )
, Σ(τ ) = −J 2 G 2 (τ )G(−τ ) + k t 2 G(τ )χ 2 (τ ) (2.4) χ(iω n ) = 1 ω 2 n + χ −1 0 − P (iω n ) + P (iω n = 0)
, P (τ ) = −2 t 2 G(τ )G(−τ )χ(τ ) (2.5) where iλ = χ −1 0 + P (iω n = 0) (2.6) is the saddle point value of iλ. Note that we have introduced notation so that
is the static φ susceptibility. Formally, the value of χ 0 is to be determined by solving the constraint equation Eq. (1.4):
In practice, we will treat the value of χ 0 as a parameter that can be tuned to access all the regions of the phase diagram, and use Eq. (2.8) to determine the value of g. This is convenient because the coupling g does not appear in any of the other saddle-point equations (after our definition of t). Finally, the results as a function of χ 0 will be recast as functions of g. We note that the large N equations in Eqs. (2.4) and (2.5) can also be derived diagrammatically, as illustrated in Fig. 2 .
Coupled equations of Green's functions of bosons and fermions have been considered previ-
ously in a supersymmetric model [32] , but the present equations have a different structure. The supersymmetric model has a single boson field coupling to fermion composites, while Z 2 gauge invariance of our model requires that pairs of bosons couple to fermions.
III. GAPLESS SOLUTIONS
First, we search for solutions of Eqs. (2.4), (2.5), and (2.8) in which both the fermions and the bosons are gapless. In our initial analysis, we will work on the imaginary frequency axis at T = 0 (see Appendix A for definitions of spectral functions). The extension to T > 0 appears in Section III C.
For the gapless solutions, we make the ansatzes valid as τ → ∞ at T = 0
where F > 0 and C > 0, and they are both dimensionless. The Fourier transforms at T = 0 are
From Eq. (2.4) and (2.5), the self energies are
and their Fourier transforms are depending upon whether ∆ f > 1/4 or ∆ f = 1/4. We will examine these solutions in the following
subsections.
A. ∆ f > 1/4
In this case, the first term in Σ(iω) in Eq. (3.4) is subdominant and can be ignored. Then the Schwinger-Dyson equations simplify
These equations are consistent only if we choose the scaling dimensions
.
Note that ∆ f > 1/4 requires k < 2. So the exponents are limited to the ranges
The above analysis of the low ω limit of the saddle point equations does not determine the values of F and C separately, only the value of their product CF . So we expect that the ∆ f > 1/4 solution defines a phase which extends over a range of value of g. Our numerical analysis will confirm that this is indeed the case.
Now both terms in Σ in Eq. (3.4) have the same frequency dependence, and so both contribute to the low ω limit. The Schwinger-Dyson equations now become
These can be solved uniquely for both F > 0 and C > 0 provided again k < 2. The existence of unique low ω solution with these exponents indicates that Eq. (2.8) will yield only a particular value of g. We will find that is the case in our numerics, and this solution appears to describe a critical point between our ∆ f > 1/4 gapless and gapped phases.
C. Non-zero temperatures
It turns out that a T > 0 conformal extension of the above gapless solutions satisfies the saddle point equations in Eqs. (2.4) and (2.5) at T > 0, just as was noted in Refs. [6, 20] . From Eq. (3.1), the conformal extension is
(3.10)
But, we also have to verify that the Eq. It is now easy to verify that Eq. (3.10) does indeed satisfy Eq. (3.11).
Taking the Fourier transform of Eq. (3.10), we have the low ω gapless solution as a function of
From Eq. (2.7), we therefore obtain the T -dependence of the static susceptibility
The susceptibility must have this T dependence at low T to keep g fixed while T varies. 
IV. GAPPED BOSON SOLUTION
With a gap in the boson spectrum, Eq. (2.4) imply that we can ignore the boson correlator in the determination of the fermion spectrum at small ω. Indeed, the fermionic component of the equations are the same as those in Ref. [4] , and so we have the same gapless solution i.e.
From Eq. (2.5) we can then obtain the long time behavior of the boson self energy
From the analysis in Appendix A, as for Eq. (4.2), we conclude that P (z) has a branch cut in the complex frequency plane at z = ±m with singular part The dimensionless pre-factor B is also determined to be
Now we consider the structure of fluctuations about the saddle point solutions described in the previous sections. First, we focus only on the fluctuations of the Lagrange multiplier field λ i about the saddle point value in Eq. (2.6). This field represents the φ 2 operator [33] , and so its scaling properties are important in determining the manner in which the gap in the φ spectrum opens up [33] , as we will discuss in Section VI.
We write
and then determine the effective action for λ i fluctuations to leading order in large N and large M , after integrating out the f and the φ fields. The diagrams that contribute to this effective action are discussed in Appendix B, and they lead to an action of the form
Where we denote the bubble diagrams by Π ij 0 , which is diagonal in site index (i.e. Π ij 0 = Π 0 δ ij ) and yields (in time domain):
where χ(τ ) is given by Eq. (3.1). We use Π ij 1 to represent ladder diagrams with external indices ij. In general, we expect the matrix Π ij 1 has permutation symmetry of the indices, which constrains the form of Π ij 1 to be a matrix with identical diagonal elements and identical off-diagonal elements, i.e. there are only two free parameters. Such matrix admits one eigenvector that is uniform in site index with eigenvalue (Π ii 1 + (N − 1)Π ij 1 ) and (N − 1) non-uniform eigenvectors with eigenvalue (Π ii 1 − Π ij 1 ). We are interested in the site-uniform mode, whose eigenvalue for the whole kernel including the bubble term can be written in the following symmetric way:
We denote the second term by Π 1 := 1 N ij Π ij 1 and computed in Appendix B, which requires evaluation of multiple infinite series of diagrams; they yield the result in Eq. (B21):
which is proportional to Π 0 (τ ) with a small (log Λ|τ |) −2 correction. Therefore we have the correlator for the site-uniform λ fluctuation
Limiting ourselves to the ∆ b = 1/4 critical state, to leading log accuracy at low frequency, this propagator is dominated by the Fourier transform of Π 0 (τ ) ∼ 1/|τ |, which yields to leading order in the large N limit of this paper.
It is remarkable that G c (τ ) has the same form as that in a Fermi liquid state. This can be seen to be a consequence of the relevance of the hopping, t, which moves single electrons between sites.
However, it is important to note that despite the Fermi liquid form in Eq. Our numerical strategy was to pick at first the values of the parameters t and J, and then make a choice for the boson susceptibility at zero frequency, χ 0 . Then we iterate Eqs. (2.4) and (2.5) until the solution converges. Finally, we insert the solution in Eq. (2.8) and determine the value of g. So we determine g as a function of χ 0 , rather than the other way around. First, we examined the gapless solutions, with the input χ 0 , the conformal solution prefactor is determined by (3.14) . A solution with ∆ f > 1/4 is shown in Fig. 3 . In this case, at any finite temperature, although the prefactor equations (3.6) from the saddle point equations do not determine the prefactors F and C separately, but the matching condition (3.14) determines them.
We can think about it this way: different χ 0 results from different g and it determines different F and C. So such a gapless solution can be obtained for a range of values of g at a fixed ∆ f . And at zero temperature, when χ 0 diverges, we cannot determine F and C separately. Thus this gapless solution defines a critical phase. Next, we examined the gapless solution with ∆ f = 1/4 in Fig. 4 . In this case, the saddle point equations determine F and C separately in the prefactor equations Eq. (3.9). For each value of t, J, k and T , the critical susceptibility is determined by (3.14) , thus it determines an unique g c .
We also examined the T dependence of χ −1 0 predicted by Eq. (3.14) . We choose different values of T with other parameters fixed, and found a T -indpendent value of g. This confirms the analysis in Section III C on extending the T = 0 gapless solution to nonzero T .
Finally, we examined the gapped boson solution of Section IV in Fig. 5 . The normalization the value of χ 0 . To distinguish between the solutions, we have to evaluate the free energy of each solution and pick the one with the lowest free energy. We have not carried out this evaluation, and so are unable to determine the precise location of the transition between the gapless and gapped solutions. In any case, we can conclude that there is a first-order transition from the gapless to the gapped solution when g is a decreasing function of χ −1 0 near g c . On the basis of the above analysis and Fig. 6 , we assemble the schematic phase diagram in Fig. 7 . The gapless phase with ∆ f > 1/4 is separated from the gapped boson phase by either a first-order or a second-order phase transition. For the latter case, the critical state is described by the ∆ f = 1/4 solution described in Section III B.
A. Small gap scaling
We now examine the nature of the scaling properties of the gapped side of the second-order transition in Fig. 7 . On general grounds, we introduce the exponent z by assuming that the boson In our numerical solution, Eq. (6.6) is difficult to test directly because we treat χ 0 as an independent parameter and compute m and g, and also m is only defined at T = 0. As we can also measure the deviation from criticality by χ −1 0 , we can combine the scaling in Eqs. (6.1) and (6.6) to write
where Φ 3 is another scaling function. Eq. (6.7) is now expressed in a form which is adapted to our numerical approach: we pick the values of χ 0 and T , and compute g. Also, we can compute the value g c by requiring that Eq. (6.7) be compatible with Eq. (3.14) i.e. Φ 3 (x) = 0 at x = C Π(1/2)Γ(1/4) J 3/2 Γ(3/4) (6.8)
We show tests of the scaling in Eq. (6.7) in Figs. 8 and 9 . We find that scaling as a function of χ 0 T 1/2 is extremely well obeyed, confirming that the critical state is described by ∆ f = ∆ b = 1/4 [34] . Specifically, we verified that at g = g c , the right hand side of Eq. (6.7) was T independent as T was varied while keeping χ 0 T 1/2 fixed.
On the other hand, scaling with (g − g c )/T 1/z yields variable values of z depending upon the value of k, and of the window of parameters used for the scaling plots, as is apparent from Fig. 8 .
We generally obtained values of z > 2, except at values of k near the onset of the first order transition. Fig. 9 shows that scaling with z = 2 yields reasonable data collapse, with deviations which appear to be within the range of logarithmic corrections described in Section V A. However, data collapse could be improved with larger values of z especially by focusing on values of g very close to g c : it does not appear these large and variable values of z are meaningful. More precise tests of the nature of the phase transitions requires a detailed knowledge of the structure of the logarithmic corrections, which we have not computed here. FIG. 9. The same plots as in Fig. 8 , but now scaled with z = 2.
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VII. CONCLUSIONS
Our paper has presented an exactly solvable model of fractionalization in metallic states in the presence of disorder and interactions. We considered a t-J model in which the electron, c, fractionalizes into a fermion f and a boson φ both carrying Z 2 gauge charges. As the fermions f carries both the global U(1) charge and SU(2) spin of the electron, these fractionalized phases can be considered as realizations of the 'orthogonal metal' of Ref. [25] .
The phase diagram of our model is schematically presented in Fig. 7 . There are two extended phases, separated either by a first order transition, or a critical line.
In one phase, the boson φ is gapped, while the fermion f is gapless. This implies that the electron c ∼ f φ also has a gapped spectral function. On the other hand, thermodynamic properties are largely controlled by the gapless fermions. We propose this gapped boson phase as a toy model for the pseudogap regime of the cuprates.
In the other phase, and also on the critical line, both the fermions and bosons are gapless, and decay with time as |τ | −2∆ f,b , where the values of the exponents are specified in Fig. 7 . In a Higgs phase, in which the Z 2 charges are confined, the boson correlator would decay to a non-zero constant. As the boson decay here is a power-law in time, we labeled this phase as a quasi-Higgs phase.
One of the most interesting properties of the quasi-Higgs phase follows from the exponent identity in Eq. Extending our toy model to a more realistic model of the cuprates requires introducing spatial structure and examining transport properties. A number of methods of doing so have been introducing recently [7] [8] [9] [10] [11] [12] for the SYK model, and it would be interesting to apply these, or others, to models similar to the one presented here.
It would also be useful to examine holographic duals of the phases and phase transitions presented here. Given the mapping of the SYK model to AdS 2 gravity [19, 21, 22] , and the conformal invariance of the gapless solution in Section III C, it seems plausible that such holographic duals are possible. The AdS 2 phase transitions studied in Refs. [39, 40] are likely candidates for developing the dual theory.
We will focus on the particle-hole symmetric case, in which case ρ(Ω) = ρ(−Ω). Then the total sum can be expressed as:
There is a final subtlety that for the diagrams with fermionic box, there is an overall up-down flip with arrow reversing Z 2 symmetry for the diagrams, which means we have double counted every diagram except the those with purely bosonic box in the above procedure. The total sum of such ladders is given by: Π B = (1 + a + a 2 + . . .)Π B,1 = 1 2 + 4π 2 Π 0 .
(B20)
Therefore the final result is
where we expand the result for small = 1 log Λ|τ 12 | and only show the leading terms.
